The model of Bates specifies a rich, flexible structure of stock dynamics suitable for applications in finance and economics, including valuation of derivative securities. This paper analytically derives a closed-form expression for the joint conditional characteristic function of a stock's log-price and squared volatility under the model dynamics. The use of the function, based on inverting it, is illustrated on examples of pricing European-, Bermudan-, and American-style options. The discussed approach for European-style derivatives improves on the option formula of Bates. The suggested approach for American-style derivatives, based on a compound-option technique, offers an alternative solution to existing finite-difference methods
Introduction
Stochastic volatility and jump-diffusion are standard tools of modeling asset price dynamics in finance research (see Aït-Sahalia and Jacod, 2011 [1] ). Popularity of stochastic volatility models, such as the continuous-time model of Heston (1993) [2] , is partly due to their ability to account for several aspects of stock price data that are not captured by analytically simpler geometric Brownian motion dynamics. For example, these models can help to account for an empirically relevant "leverage effect," which refers to an increase in the volatility of a stock when its price declines, and a decrease in the volatility when the price rises. They also can help to partly correct for deficiencies of the famous Black and Scholes (1973) [3] option pricing formula (e.g., the implied volatility "smile"). The model of Bates (1996) [4] extends the Heston model by incorporating jumps in stock dynamics. Allowing for jumps enables a more realistic representation of stock price time-series, which may feature discontinuities (for a discussion on jumps in asset data, see Aït-Sahalia and Jacod, 2009 [5] ).
In this paper, I analytically derive and provide examples for the use of a closed-form expression for the joint conditional characteristic function of a stock's log-price and squared volatility under the dynamics of the Bates model. The model offers a rich distributional structure of stock returns. For instance, a skewed distribution can arise due to a correlation between shocks to the stock price and shocks to the volatility or due to nonzero average jumps. Excess kurtosis can arise from variable volatility or from a jump component. Also, the model can help to distinguish between two alternative explanations for skewness and excess kurtosis: stochastic volatility implies a positive relationship between the length of the holding period and the magnitude of skewness and kurtosis, whereas jumps imply a negative relationship (Bates, 1996 [4] , pp. 72-73). The flexibility of the model makes it particularly attractive for the task of valuation of derivative securities. As such, it is useful in applied research and practice.
Under jump-diffusion dynamics with stochastic volatility, the values of derivative securities such as European-style options are typically impossible to express in simple form. Instead, they may be computed numerically by applying the transform methods of Duffie et al. (2000) [6] and Bakshi and Madan (2000) [7] , which require inverting a conditional characteristic function of an underlying state-price vector. Bates (1996) [4] solved for the marginal conditional characteristic function of the logprice and derived a formula for the value of a European-style call option that involves two separate inversions. In contrast, the problem of finding the joint conditional characteristic function of the log-price and squared volatility was not posed, and to the best of my knowledge, a solution for this function is not available in existing finance studies. This paper aims to fill in the gap by deriving a closed-form expression for the function, which is an analytically challenging task. In addition, I provide two practically relevant examples illustrating the use of the function. The first example revisits the problem of the valuation of European-style options. I show that the marginal characteristic function is a special case of the joint characteristic function and then apply results from prior research to obtain formulas for European-style put and call options that require a single inversion; this approach is more efficient than the solution suggested by Bates involving two inversions. The second example addresses the problem of valuation of Bermudan-and American-style options by proposing an extension of the Geske-Johnson compound-option technique (Geske and Johnson, 1984 [8] ). In this case, knowledge of the joint (rather than marginal) characteristic function is indispensable. The proposed approach provides an alternative to pricing American-style options using finite-difference methods (e.g., Chiarella et al., 2008 [9] ), which can pose practical challenges when dealing with stochastic volatility (for a review, see Zhylyevskyy, 2010 [10] ). The empirical relevance of the example is due to a large number of single name equity and commodity futures options traded on organized exchanges being Americanstyle.
The remainder of the paper is organized as follows. Section 2 sets up the Bates model and outlines the assumptions and notation. Section 3 derives a stochastic differential equation for the stock's log-price. Section 4 shows that the joint conditional characteristic function is a martingale and uses this result to derive a partial differential-integral equation for the function. Section 5 solves this equation analytically to obtain a closed-form expression for the function. Section 6 provides examples for the use of the function when pricing derivative securities. Section 7 concludes.
The Bates Model
I first outline the assumptions and introduce the notation. The financial market is assumed to admit no arbitrage opportunities. Thus, there is an equivalent martingale probability measure (see Harrison and Kreps, 1979 [11] ), denoted here as 1 . Random variables and stochastic processes are defined on a probability space with as the probability measure. An expected value taken with respect to is denoted by . To rigorously analyze stochastic processes, I work with a filtered probability space
is the set of outcomes, indexes time,   is a filtration (i.e., a non-decreasing sequence of is an initial value and is a risk-free interest rate, which is assumed to be constant over time. In contexts involving asset pricing (e.g., valuation of derivative securities), such riskless fund is often used as a numéraire asset, with prices of other assets being discounted by
is often referred to as the "risk-neutral" probability measure. P I focus on a stock process 0 t t  , where t denotes the price of the stock on date . The stock is allowed to pay dividends continuously at a rate
, which is assumed to be constant over time (  in the case of no dividend). Since the stock process in the Bates model incorporates a jump component, which results in discontinuities in the stock price, it is helpful to introduce the notion of a "left limit" of a stochastic process. In particular, the left limit of   0 t t S  on date t is defined as
where is a positive integer. If there is a jump on date , then .
In the Bates model, the dynamics of t under P are described by a system of two stochastic differential equations:
Equation (1) shows that the instantaneous net return on the stock, t t dS S  , is a sum of three distinct components: 1) a deterministic drift term ; 2) a stochastic diffusion term
underlying the stochastic diffusion term is a standard Brownian motion.
underlying the stochastic jump term is a Poisson process with intensity 0
are independent of each other. A value of indicates that the stock price has undergone t jumps as of date . The magnitudes of such jumps are governed by independent and identically distributed (i.i.d.) random variables such that
where is a generic random variable having the same distribution as 1 2 , and
and are the distribution parameters. In Equation (1), is the random percentage jump of the stock price given a jump occurring at (i.e., given ). The Bates model reduces to the Heston stochastic volatility model (Heston, 1993 [2] ) if (1)  and , since these cases effectively eliminate jumps from the stock dynamics. 2 [12] ).
Dynamics of Log-Price
Let t s denote the stock's log-price, t = ln t s S . The dynamics of t s under are derived using a generalized Itô formula for semimartingales, which allows me to properly account for possible discontinuities in the time path of the stock price. See Theorem 32 of Protter (1990 [13] , p. 71) for details on the formula. Before applying the Itô formula, observe that Equation (1) implies that t and t are, in general, not equal to each other because of the presence of the jump term; more specifically, t t Thus,
Also, note that by the properties of the Poisson process, is effectively either 0 or 1. Therefore,
Hence, the generalized Itô formula applied to the function   ln t S indicates that the dynamics of t s under are described by a stochastic differential equation
which is straightforward to simplify as:
Martingale Property and Dynamics of Joint Characteristic Function
My main interest lies in deriving a closed-form expression for the joint characteristic function of some future, date-log-price and squared volatility given their present, datet values, where . Consider an arbitrary date such that , and note that since , . Equations (2) and (4), the properties of the Poisson process and standard Brownian motion, and the assumption of i.i.d. random variables imply that the information contained in the By definition of the characteristic function,
, ;
Since , the law of iterated expectations implies that
In what follows, it is helpful to denote by  the duration of the time interval between and T , t = T t   . Also, observe that Equation (2) implies that has a continuous time path; therefore, v . In comparison, Equation (4) implies that
The goal is to find a solution for as a function with continuous second order partial derivatives. Applying the generalized Itô formula, , ; , , .
Then, applying the relationship
ownian motion, it is and the properties of the standard Br straightforward to show that the function     must satisfy the following partial differential-integral e tion: qua
where the arguments of the partial derivatives and the term are omitted to shorten the notation. Note that in the special case of
 

Closed-Form Solution for Joint Characteristic Function
Solving for the joint characteristic function     he eq solution com in closed form using Equation (5) presents a substantial analytical challenge. My approach to address this problem is to first propose a general form of a solution to t uation, and then analytically derive all of the ponents. Suppose that is of the form:
where   
Next, recall from Equation (3) that is a normal random variable. By assumption, pendent of the information contained in using Equation (6), 
res ress here the last equality follows from the properties of the characteristic function of a normal random variable (see Chung, 2001 [14] , p. 156). Given this ult, it is convenient to exp  as follows:
Then, the integral term in Equation (5) 
plies that the system has initial conditions   The system is similar, although not identical, to a system of differential equations analyzed by Zhylyevskyy (2010) 
Together, the expression for in Equation (6) (1) and (2) . Thus, there are two state variables (comprising the state-price vector), namely, t S and t v , or equivalently, (the logprice) t s and t v . The analysis of Zhylyevskyy (2012) [15] adapted to the case of the Bates model indicates that the valuation of the options 3 Observe from Equation (2) 
